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We report an experimental quantum simulation of unitary dynamics of an XY spin chain with pre-
engineered couplings. Using this simulation, we demonstrate the mirror inversion of quantum states,
proposed by Albanese et al. [Phys. Rev. Lett. 93, 230502 (2004)]. The experiment is performed
with a 5-qubit dipolar coupled spin system using nuclear magnetic resonance techniques. To perform
quantum simulation we make use of the recently proposed unitary operator decomposition algorithm
of Ajoy et al. [Phys. Rev. A 85, 030303 (2012)] along with numerical pulse optimization techniques.
Further, using mirror inversion, we demonstrate that entangled states can be transferred from one
end of the chain to the other end. The simulations are implemented with high experimental fidelity,
which implies that these kind of simulations may be possible in larger systems.
PACS numbers: 03.67.Mn, 82.56.-b
I. INTRODUCTION
Quantum transport from one register to another is one
of the fundamental tasks in quantum information pro-
cessing. Recently spin chains with nearest-neighbour in-
teractions were proposed to perform this task efficiently
[1]. The main motivation for using these spin chains as
communication channels is that one could use the natu-
ral unitary evolution of the spin chain to drive quantum
information from one quantum register to another with
limited or no external control. Since its proposal, many
interesting protocols for transferring quantum informa-
tion using spin chains with different kinds of interactions
have been reported [2–9]. Apart from quantum state
transfer, spin chains were also proposed for transferring,
distributing, and generating entanglement [10–15]. Some
of these proposals have been verified experimentally by
simulating the spin chains using Nuclear Magnetic Res-
onance (NMR) techniques [16–21]. Universal quantum
computation using permanently coupled spin chains were
also studied [22–24].
Albanese et al. [25] have shown that mirror inver-
sion of a quantum state with respect to the centre of
the chain can be achieved by modulating the couplings
of XY spin chains. Apart from transferring the quantum
state of a single qubit, this mirror inversion operation
can be used to transfer non-trivial entangled states of
multiple qubits between different registers or from one
part to another within a register. In this paper, our
aim is to simulate the unitary evolution of an XY spin
chain with pre-engineered couplings and experimentally
demonstrate the mirror inversion operation proposed in
reference [25]. Moreover we also demonstrate experimen-
tally that entangled states can be transferred from one
end of the chain to the other using mirror inversion.
For simulating the spin chain, we follow the digital
quantum simulation approach [26], where the unitary
evolution of a chain is divided into a circuit consisting
of one- and two-qubit gates. There are many ways by
which one can decompose an arbitrary unitary operator
into one- and two-qubit gates [27–29]. Recently, Ajoy et
al. [30] proposed an algorithm for product decompos-
ing an arbitrary unitary operator into a chosen operator
basis. Using this method, we can obtain the unitary op-
erator decomposition directly in the Pauli operator basis.
This is advantageous as in spin based quantum architec-
tures like NMR it is easier to implement gates from Pauli
operator basis, such as ZZ, compared to the gates like
controlled-NOT (C-NOT).
Here, we use a combination of this algorithm and GRa-
dient Ascent Pulse Engineering (GRAPE) algorithm [31],
which is a numerical pulse optimization technique, to
simulate the unitary evolution of the XY spin chain.
Specifically, employing the algorithm given by Ajoy et al.
[30], we first provide product decompositions of unitary
evolutions of 4- and 5-spin XY chains into the Pauli op-
erator basis. Then, in the experiments, we realize each of
these decomposed unitary operators using GRAPE tech-
nique. Also, we extend the product decompositions of
unitary evolutions to the N -spin XY chains. When com-
bined with the subsystems approach given by Laflamme
and co-workers [32, 33], the methods presented here are
useful in realizing quantum simulations by much larger
spin systems.
The experiments are performed by using NMR tech-
niques on a 5-spin system, partially oriented in a liquid
crystal. The spins are thus coupled by direct dipolar in-
teractions as well as indirect scalar couplings. The dipo-
lar coupling strengths are an order of magnitude stronger
than the scalar couplings, which are frequently used to
realize multiqubit gates in liquid state NMR quantum in-
formation processing. The large dipolar couplings make
the multiqubit gates faster. Also, they help the GRAPE
algorithm to find multiqubit gates with less number of
time steps, which reduces the computational time for nu-
merical optimization.
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2The paper is arranged as follows. In sec II, we describe
the mirror inversion operation in XY spin chains with
pre-engineered couplings and the product decomposition
of their unitary evolution into the Pauli operator basis.
In sec III, we present the experimental implementation
and discuss the results, and in sec IV we conclude.
II. MIRROR INVERSION
We first revisit the mirror inversion operation in spin
chains proposed in references [25, 34]. Consider a chain
of N spin-1/2 particles, coupled by nearest-neighbour XY
interaction, with the Hamiltonian,
H = 1
2
N−1∑
i=1
Ji(σ
x
i σ
x
i+1 + σ
y
i σ
y
i+1) +
1
2
N∑
i=1
hi(σ
z
i + 1). (1)
Here σ
x/y/z
i are the Pauli matrices for the spin i, Ji is the
coupling between the spins i and i+1, and hi is the local
magnetic field at the spin site i. The above Hamiltonian
commutes with the total z-spin operator σztot =
∑N
i=1 σ
z
i ,
i.e., [σztot,H] = 0, which means that the Hilbert space
of the system can be divided into invariant subspaces,
characterized by distinct eigenvalues of the σztot operator.
The Hamiltonian in Eq. (1) can be mapped to a Hamil-
tonian of non-interacting spinless fermions by using the
following Jordon-Wigner transformation [35],
ci =
∏
j<i
σzj
 σxi + iσyi
2
; c†i =
∏
j<i
σzj
 σxi − iσyi
2
,
(2)
where ci and c
†
i are fermionic operators. The Hamilto-
nian in the second quantized form is given by
H =
N−1∑
i=1
Ji(c
†
i ci+1 + c
†
i+1ci) +
N∑
i=1
hic
†
i ci. (3)
Let |j〉 represents a single-particle state, i.e., there is a
single fermion at the site j and all other sites are empty.
Equivalently, for spin chains, |j〉 represents a state, where
the jth spin is in the state 1 and all the other are in the
state 0. In the single particle subspace i.e., the subspace
spanned by |j〉, the Hamiltonian H can be represented
by the following tridiagonal matrix,
H1 =

h1 J1 0 · · · 0
J1 h2 J2 · · · 0
0 J2 h3 · · · 0
...
...
...
. . . JN−1
0 0 0 JN−1 hN
 . (4)
It is assumed that the Hamiltonian of the spin chain
possess mirror symmetry, that is Ji = JN−i+1 and
hi = hN−i. Then, the N -dimensional eigenvectors of H1
will have definite parity, i.e, every eigenvector of H1 is ei-
ther even or odd. Due to a well-known theorem given in
reference [34], the eigenvectors of H1 (a real symmetric
tridiagonal matrix with only positive sub diagonal ele-
ments) are alternatively even and odd.
Perfect mirror inversion of the single-particle state im-
plies, for some time τ and up to some global phase φ0,
e−iHτ |i〉 = eiφ0 |N − i〉. (5)
Let |ν〉 be a single particle eigenstate with eigenvalue
εν . Then the single particle state |N − i〉 can be written
as |N − i〉 = ∑ν |ν〉〈ν|N − i〉. Due to the alternating
parity property, 〈N − i|ν〉 = (−1)ν〈i|ν〉. This implies,
|N − i〉 = ∑ν(−1)ν |ν〉〈ν|i〉. Now, the Eq. (5) can be
written as
N−1∑
ν=0
e−iεντ |ν〉〈ν|i〉 = eiφ0
∑
ν
(−1)ν |ν〉〈ν|i〉 (6)
Therefore, perfect mirror inversion happens if for some
time τ ,
εντ = [2n(ν)± ν]pi − φ0, (7)
where n(ν) is an arbitrary integer function. Since the
spin system is mapped to a system of non-interacting
spin-less fermions, if the mirror inversion happens for all
the single-particle states, then mirror inversion also hap-
pens for all many-particle states up to a phase factor.
This phase factor depends only on the number of parti-
cles (i.e., number of spins in state 1) in the many-particle
sector and the total number of particles N . Therefore,
any spin chain whose Hamiltonian is symmetric and its
single-particle eigenvalues satisfy Eq. (7) generates mir-
ror inversion of any input state up to a relative phase
factor between its different subspaces which are spanned
by different many-particle states. An example is given
for a 5-spin chain in the later part of this section.
Apart from transferring the quantum state of a qubit
to its mirror site, the mirror inversion operation in spin
chains can also be used to transfer entangled states of
multiple qubits to their mirror sites.
Alabanese et al. [25] have considered a spin-chain with
Ji =
√
i(N − i), hi = 0, and whose H1 matrix is pro-
portional to the Jx rotation matrix of a spin
1
2 (N − 1)
particle:
H1 = 2Jx =
N∑
i=1
√
i(N − i)(|n〉〈n+ 1|+ |n+ 1〉〈n|). (8)
The eigenvalues and eigenvectors of Jx are well known
[36]. Thus, the eigenvalues of H1 are −(N − 1),−(N −
3),−(N−5) ... (N−1). For time τ = pi/2, this spin chain
does a perfect mirror inversion as it satisfies Eq. (7).
In the following, we first consider 4 and 5-spin XY
chains of the above type and describe the decomposition
of their unitary evolution UXY (
pi
2 ) = exp(−iHpi2 ) into
the Pauli operator basis using the algorithm of Ajoy et
al. [30]. Then, we generalize the decomposition to N-spin
XY chains.
3B
G0
G1
Gn
FIG. 1. The progressive reduction of search-space by the de-
composition algorithm. Here B is the full Pauli operator ba-
sis, and G0, G1,...,Gn are recursive subgroups (Gk+1 ⊂ Gk).
The algorithm proceeds till one obtains Gn = {1}.
A. 4-spin chain
The values of the nearest neighbour coupling constants
for the 4-spin XY chain are J1 =
√
3, J2 = 2, J3 =
√
3.
For simplicity, we refer UXY (
pi
2 ) as UXY .
The Pauli operator basis for the 4-spin system is given
by,
B = {σα1 σβ2 σγ3σδ4}, (9)
where α, β, γ, δ ∈ {0, x, y, z} and σ0 = 1. Our aim is to
product decompose UXY into the Pauli operator basis as
follows,
UXY =
m∏
k=1
exp(−iθkDk); Dk ∈ B. (10)
Since B forms a complete basis, UXY can be expanded
as a sum in B as follows,
UXY =
1
4
∑
α,β
ηαβ (σ
α
1 σ
β
2 σ
β
3 σ
α
4 ) (11)
where α, β ∈ {0, x, y, z}. The coefficient ηαβ = i if (i)
α 6= β and (ii) either of α ∈ {0, z} or β ∈ {0, z}, but not
both. For all other cases ηαβ = 1.
The product decomposition algorithm [30] proceeds
through a systematic reduction of the search space, which
is shown schematically in Fig. (1). Let us consider the
set,
G0 = {1, σx2σx3 , σy2σy3 , σz2σz3 , σx1σx4 , σy1σy4 , σz1σz4 ,
σx1σ
x
2σ
x
3σ
x
4 , σ
y
1σ
y
2σ
y
3σ
y
4 , σ
z
1σ
z
2σ
z
3σ
z
4 ,
σx1σ
y
2σ
y
3σ
x
4 , σ
y
1σ
x
2σ
x
3σ
y
4 , σ
x
1σ
z
2σ
z
3σ
x
4 ,
σz1σ
x
2σ
x
3σ
z
4 , σ
y
1σ
z
2σ
z
3σ
y
4 , σ
z
1σ
y
2σ
y
3σ
z
4}, (12)
which contains all the elements from the sum expansion
in Eq. (11). This set G0 forms a group under multipli-
cation of operators. This implies, all the operators Dk in
the product expansion of Eq. (10) belong exclusively to
G0. In cases, where G0 doesn’t form a group by itself,
one can add minimum number of operators from B to G0
so that G0 forms a group. Now, consider the set,
G1 = {1, σx2σx3 , σy2σy3 , σz2σz3 , σx1σx2σx3σx4 , σx1σy2σy3σx4 ,
σx1σ
z
2σ
z
3σ
x
4 , σ
x
1σ
x
4}, (13)
which is a subgroup of G0. The set G1 is selected such
that it is the biggest possible subgroup of G0. However,
this selection need not be unique.
There are a total number of m operators (Dk s) in the
product decomposition of Eq. (10) and as said earlier, all
of them belong to G0. Let us suppose that m
′ of these
operators belong to (G0 − G1). Then, the next and key
step of the algorithm is to find out these m′ operators
Dk ∈ (G0 − G1) and the corresponding angles θk, such
that UXY
∏m′
k=1 exp(iθkDk) can be expanded as a sum in
B, whose elements belong exclusively to G1. i.e.,
UXY
m′∏
k=1
exp(iθkDk) = U
(m′)
XY
=
∑
r
1
τ
Tr(U
(m′)
XY D˜
†
r) D˜r, (14)
where D˜r ∈ G1, and τ = Tr(D˜†rD˜r).
We define the norm of the space spanned by the ele-
ments of a set G in a unitary U as,
NG(U) =
∑
n
|Tr(UD†n)/Tr(D†nDn)|2; Dn ∈ G. (15)
The intuitive meaning of norm NG(U) is - to what extent
U can be constructed using the elements of G.
For a chosen operator Dk, the angle θk is chosen such
that the quantity NG1(U
(k)
XY ) − NG1(U (k−1)XY ) is maxi-
mized. This leads to,
θk =
1
2
tan−1
(
Wk−1(Dk)
∆k−1
)
, (16)
where,
Wq(D) =
1
τ2
Im
∑
r
Tr
(
U
(q)
XY D˜
†
r
)
Tr
(
U
(q)
XYD
†D˜†r
)∗
,
∆q = NG1
(
U
(q)
XY
)
− 1
2
.
The next operator Dk+1 can be chosen as follows.
Calculate the quantity Wk(D) for all the operators D
in (G0 − G1). Choose the operator D that maximizes
Wk(D) as the operator Dk+1.
By following the above procedure, we get,
UXY exp(−ipi4σy1σz2σz3σy4 ) =
1√
8
[
(1 + σz2σ
z
3 + σ
x
1σ
x
2σ
x
3σ
x
4 + σ
x
1σ
y
2σ
y
3σ
x
4 )
+ i(σx2σ
x
3 + σ
y
2σ
y
3 + σ
x
1σ
x
4 + σ
x
1σ
z
2σ
z
3σ
x
4 )
]
, (17)
where all the operators on the right hand side belong to
G1. Now consider the set,
G2 = {1, σz2σz3 , σx2σx3 , σy2σy3}, (18)
4which is a subgroup of G1. By repeating the above pro-
cedure, we get,
UXY exp(−ipi4σy1σz2σz3σy4 ) exp(−ipi4σx1σz2σz3σx4 ) =
1
2
[
1 + σz2σ
z
3 + i(σ
x
2σ
x
3 + σ
y
2σ
y
3 )
]
, (19)
where again all the operators on the right hand side be-
long to G2.
This process is repeated till we get Gn = {1}. Here,
by repeating the above procedure two more times with
G3 = {1, σx2σx3} and G4 = {1}, we get the full product
decomposition as
UXY exp(−ipi4σy1σz2σz3σy4 ) exp(−ipi4σx1σz2σz3σx4 )
× exp(−ipi4σx2σx3 ) exp(−ipi4σy2σy3 ) = 1, (20)
which can be written as,
UXY = exp(i
pi
4σ
y
1σ
z
2σ
z
3σ
y
4 ) exp(i
pi
4σ
x
1σ
z
2σ
z
3σ
x
4 )
× exp(ipi4σx2σx3 ) exp(ipi4σy2σy3 ). (21)
B. 5-spin chain
The values of the nearest neighbour coupling constants
for the 5-spin XY chain are J1 = 2, J2 =
√
6, J3 =
√
6,
J4 = 2. The unitary evolution of this 5-spin chain for
a time τ = pi/2, i.e., UXY (
pi
2 ) = exp(−iHpi2 ), produces
the mirror image of any 5-spin input state up to a phase
difference. For example,
UXY (
pi
2 )
1√
2
(|00〉+ |11〉)12|000〉345 =
|000〉123 1√2 (|00〉 − |11〉)45 and (22)
UXY (
pi
2 )
1√
2
(|01〉+ |10〉)12|000〉345 =
|000〉123 1√2 (|01〉+ |10〉)45. (23)
The above equations show that entangled states can be
transferred from one end of the chain to the other up to
a phase difference.
By following the procedure similar to that of the 4-spin
case, the 5-spin unitary operator UXY (
pi
2 ) is decomposed
into the Pauli operator basis and it is given by,
UXY (
pi
2 ) = exp(i
pi
4σ
x
1σ
z
2σ
z
3σ
z
4σ
y
5 ) exp(i
pi
4σ
y
1σ
z
2σ
z
3σ
z
4σ
x
5 )
× exp(ipi4σx2σz3σy4 ) exp(ipi4σy2σz3σx4 )
× exp(ipi2σx1σy2σy4σx5 ) (24)
C. N-spin chain
The above decomposition can be extended to N -spin
XY chains, which is given as follows:
When N is odd,
UXY (
pi
2 ) = exp(±ipi4σx1σz2σz3 · · ·σzN−1σyN )
exp(±ipi4σy1σz2σz3 · · ·σzN−1σxN )
exp(±ipi4σx2σz3σz4 · · ·σzN−2σyN−1)
exp(±ipi4σy2σz3σz4 · · ·σzN−2σxN−1) · · ·
exp(±ipi4σxN−1
2
σzN+1
2
σyN+3
2
)
exp(±ipi4σyN−1
2
σzN+1
2
σxN+3
2
)
exp(±ipi2σx1σy2σx3 · · ·1N+12 · · ·σ
x
N−2σ
y
N−1σ
x
N ),
(25)
where the signs + and − are for chains having 4m + 1
and 4m+3 (m is an integer) number of spins respectively
and 1N+1
2
is the identity operator for spin N+12 .
When N is even,
UXY (
pi
2 ) = exp(±ipi4σx1σz2σz3 · · ·σzN−1σxN )
exp(±ipi4σy1σz2σz3 · · ·σzN−1σyN )
exp(±ipi4σx2σz3σz4 · · ·σzN−2σxN−1)
exp(±ipi4σy2σz3σz4 · · ·σzN−2σyN−1) · · ·
exp(±ipi4σxN
2
σxN
2 +1
)
exp(±ipi4σyN
2
σyN
2 +1
), (26)
where the signs + and − are for chains having 4m and
4m+ 2 (m is an integer) number of spins respectively.
The unitary operators in the right hand side of Eqs.
(21) and (24) can be further decomposed into single qubit
rotations and two qubit gates [37]. Conventional pulse
sequences can be constructed by using these decomposi-
tions to realize the full unitary evolution. However, in the
experimental implementation, we realized each of these
operators with a single GRAPE pulse. We now describe
the experimental simulation of the above 4 and 5-spin
chains using NMR techniques.
III. EXPERIMENTAL IMPLEMENTATION
We choose 1-bromo-2,4,5-trifluorobenzene par-
tially oriented in a liquid crystal medium, N-(4-
methoxybenzaldehyde)-4-butylaniline (MBBA) as our
spin system for the experimental implementation. The
three 19F and two 1H nuclei form a 5-spin system. These
spins are labelled as 1, 2, 3, 4, and 5 as shown in the
Fig. 2. The effective transverse relaxation times (T ∗2 )
of the transitions of spins 1, 3, and 5 (fluorine nuclei)
are in the range 40-60 ms, 40-60 ms, and 60-100 ms
and that of the transitions of spins 2 and 4 (proton
nuclei) are in the range 140-150 ms, and 110-150 ms,
respectively. These are calculated from the inverse of the
observed line-widths, which are mainly governed by the
director fluctuation in a liquid crystal and are an order
of magnitude larger than the line-widths in isotropic
solutions. All the experiments have been carried out at
5H
H
F
F
F
Br
1
2
5
4
3
1 2 3 4 5   
-6743 1532 -26 55 116 1 
  50 106 -7.6 54 2 
    -3680 1270 277 3 
      29 1556 4 
        6029 5 
FIG. 2. Chemical structure of the molecule and Hamiltonian
parameters. In the table, diagonal elements correspond to the
Zeeman shifts (νi) of the nuclear spins (in Hz) in the doubly
rotating frame and the off-diagonal elements correspond to
the coupling constants (Jij + 2Dij) between them (in Hz).
an ambient temperature of 300 K on a Bruker AVIII 500
MHz NMR spectrometer using a QXI probe.
Due to the partial orientational order of the liquid
crystal medium, the direct dipolar couplings among the
spins do not get fully averaged out, but get scaled down
by the order parameter. The residual dipolar coupling
between the spins is an order of magnitude stronger
than the indirect scalar coupling. The Zeeman shift
values of the nuclear spins and the coupling constants
between them are given in the Fig. 2. The Hamil-
tonian for the dipolar interaction between the hetero-
nuclear spins is of the form HD = pi2
∑
i,j(i<j)Dij2σ
z
i σ
z
j ,
where Dij is the scaled dipolar coupling constant, and
the same between the homo-nuclear spins is of the form
HD = pi2
∑
i,j(i<j)Dij(3σ
z
i σ
z
j − σi · σj). Since the differ-
ence between Zeeman shifts of any pair of spins is much
larger than the respective dipolar coupling between them,
the Hamiltonian for the homo-nuclear dipolar interac-
tion can be approximated toHD = pi2
∑
i,j(i<j)Dij2σ
z
i σ
z
j .
Hence, the full Hamiltonian of the spin system in the
doubly rotating frame can be written as
HNMR = −pi
∑
i
νiσ
z
i +
pi
2
∑
i,j(i<j)
(Jij +2Dij)σ
z
i σ
z
j , (27)
where νi is the Zeeman shift of the spin i and Jij is
the scalar coupling constant between the spins i and j.
The magnitude of the coupling constants (Jij+2Dij) was
obtained by fitting equilibrium spectra of the spin system
and sign of them was determined by using hetero-nuclear
Z-COSY experiments [38–40].
The equilibrium deviation density matrix of the spin
system under high temperature and high field approxi-
mation can be represented by [41],
ρ∆eq = γF(σ
1
z + σ
3
z + σ
5
z) + γH(σ
2
z + σ
4
z), (28)
where γH and γF = 0.94γH are gyromagnetic ratios of
the nuclei 19F and 1H respectively.
The 5-spin NMR system is used to demonstrate the
mirror inversion operation in the following XY chains: (i)
a 5-spin chain, prepared in mixed or subsystem pseudo-
pure initial states and (ii) a 4-spin chain prepared in
pseudo-pure initial states. We used GRAPE [31] tech-
nique to realize the product decompositions of the uni-
tary evolutions of 4 and 5 spin XY chains which are given
in Eqs. (21) and (24). Each of the unitary operators in
the right hand side of these equations has been realized
using a single GRAPE pulse. The total length of these
pulses for simulating 4-spin chain is 34 ms and that for
simulating 5-spin chain is 40 ms. All the GRAPE pulses
were optimized such that they are robust against RF field
inhomogeneity and the average Hilbert-Schmidt fidelity
of all these pulses are greater than 0.99.
A. Five-spin initial states
Quantum state transfer: As described in the previous
section, mirror inversion operation can be used to trans-
fer quantum state of a spin to its mirror image. Here, we
perform two different experiments with respective initial
states (i) σx1 and (ii) σ
x
2 . These initial states were pre-
pared from the equilibrium state as follows. We first ap-
ply a spin selective (pi/2)x pulse on spin 1 (2) and then
a (pi/2)−x pulse on all the spins followed by a gradient
pulse in the z-direction. This saturates the magnetization
of all the spins except spin 1 (2). We now apply a spin
selective (pi/2)y pulse on spin 1 (2) which produces the
desired initial state σx1 (σ
x
2 ). All the spin selective and
global pulses used here and hence forth were realized us-
ing GRAPE technique [31]. The lengths of the spin selec-
tive pulses on fluorine spins (1, 3, and 5) are in the range
500-600 µs and those on the proton spins 2 and 4 are 2.5
ms and 3 ms respectively. The length of the pi/2 pulse
on all the spins is 500 µs. The resultant spectra which
confirm the creation of the initial states are shown in the
middle trace of Figs. 3(a) and 3(b). The application of
the unitary operator in Eq. (24) on the initial states σx1
and σx2 produces the states σ
z
1σ
z
2σ
z
3σ
z
4σ
x
5 and σ
z
1σ
z
2σ
z
3σ
x
4σ
z
5
respectively. This clearly demonstrates that the coher-
ence of spin 1 (2) is transferred to its mirror image 5 (4).
The transferred coherence is anti-phase with respect to
all other spins, this is due to the relative phase difference
between different many-particle subspaces, which is ex-
plained in the previous section. The experimental spectra
corresponding to the final states are shown in the bottom
trace of Figs. 3(a) and 3(b). The clear anti-phase signals
for the spins 5 and 4 and the absence of signals for all
the other spins indicate the efficient implementation of
mirror inversion operation.
Entanglement transfer: As discussed in the previous
section, mirror inversion operation can also be used to
transfer entangled states from one end of the chain to
the other. We initially prepare maximally entangled
states of spins 1 and 2. The unitary evolution of the
spin chain drives these entangled states to their mir-
6−7 −6 −5 3 4 6 7 −1 0 1
 
 
2
4
3 15
Frequency (kHz)
Am
pl
itu
de
−7 −6 −5 3 4 6 7 −1 0 1
42
5 3 1
Frequency (kHz)
Am
pl
itu
de
(a)
(b)
FIG. 3. Experimental results for quantum state transfer. (a)
Quantum state transfer of spin 1 to its mirror image 5 and
(b) quantum state transfer of spin 2 to its mirror image 4. In
both (a) and (b) the top row correspond to the equilibrium
spectra, the middle row represent spectra corresponding to
the initial state, and the bottom row is that of the final state.
ror images i.e., spins 4 and 5. We choose the initial
states as 116 (|00〉 + |11〉)(〈00| + 〈11|)12 ⊗ 13 ⊗ 14 ⊗ 15
and 116 (|01〉+ |10〉)(〈01|+ 〈10|)12 ⊗ 13 ⊗ 14 ⊗ 15, where
spins 1 and 2 are in the maximally entangled state and
all other spins are in the maximally mixed state. These
initial states were prepared from the equilibrium as de-
scribed below. We first prepare the spins 1 and 2 in the
|00〉 pseudo-pure state using spatial averaging technique
[42] and all the other spins in the maximally mixed state
by dephasing their magnetization. The pulse sequence,
used to create the state 18 |00〉〈00|12 ⊗ 13 ⊗ 14 ⊗ 15 from
equilibrium is given by[
pi
2
]1,2
x
−
[
pi
2
]All
−x
−
[
G
]
z
−
[
0.32pi
]1
x
−
[
G
]
z
−
[
pi
4
]2
x
−
[
1
2(J + 2D)12
]
−
[
pi
4
]2
−y
−
[
G
]
z
, (29)
where [θ]iα denotes a θ degree pulse on spin i about
the axis α, [G]z, a gradient pulse along z-direction, and
[ 12(J+2D)ij ] represents coupling evolution of spins i,j for
a period 12(J+2D)ij . Here, the two pi/4 pulses on spin 2
and the coupling evolution in between were combined
and realized using a single GRAPE pulse. The length of
this pulse is 2.4 ms. The state 18 |10〉〈10|12⊗13⊗14⊗15
can be prepared from the state 18 |00〉〈00|12⊗13⊗14⊗15
by applying a pi pulse on spin 1. The desired initial
states 116 (|00〉 + |11〉)(〈00| + 〈11|)12 ⊗ 13 ⊗ 14 ⊗ 15 and
1
16 (|01〉+ |10〉)(〈01|+〈10|)12⊗13⊗14⊗15 were prepared
by applying the unitary operator e−i
pi
4 σ
x
1σ
y
2 on the states
|00〉〈00|12 ⊗ 13 ⊗ 14 ⊗ 15 and |10〉〈10|12 ⊗ 13 ⊗ 14 ⊗ 15
respectively. This unitary operator was also realized
using a GRAPE pulse and its length is 2.4 ms.
Applying the mirror inversion operator in Eq. (24) on
the above initial states leads to:
1
16 (|00〉+ |11〉)(〈00|+ 〈11|)12 ⊗ 13 ⊗ 14 ⊗ 15 −→
1
1611 ⊗ 12 ⊗ 13 ⊗ (|00〉 − |11〉)(〈00| − 〈11|)45, (30)
1
16 (|01〉+ |10〉)(〈01|+ 〈10|)12 ⊗ 13 ⊗ 14 ⊗ 15 −→
1
1611 ⊗ 12 ⊗ 13 ⊗ (|01〉+ |10〉)(〈01|+ 〈10|)45, (31)
where now spins 1, 2, and 3 are in the maximally mixed
state and spins 4, and 5 are in the maximally entangled
state.
To confirm the creation and transfer of entangled
states, we have performed quantum state tomography of
2-spin subsystems containing spins 1, 2 and 4, 5 for both
initial and final states. The procedure is described below
[43].
The 2-spin density matrix contains 6 complex off-
diagonal (4 single quantum, 1 double quantum, and 1
zero quantum) and 3 real diagonal, independent ele-
ments. Out of these, only single quantum elements are
directly observable. To reconstruct the full density ma-
trix, one needs to measure the other elements by convert-
ing them into single quantum. The diagonal elements are
measured by applying a gradient pulse, followed by a pi/2
on each spin separately. Although, all the single quantum
elements can be measured at a time directly, for proper
scaling, we measured each one of them separately. The
single quantum elements of the ith spin are observed by
using the following pulse sequences,
A.
[
pi
2
]i
α
−
[
G
]
z
−
[
pi
2
]i
y
, (32)
B.
[
pi
2
]i
α
−
[
G
]
z
−
[
pi
]j[
pi
2
]i
y
, (33)
where i, j represent the spins which are being measured.
The experiments A and B are repeated twice, with the
phase α as−y and x for measuring the real and imaginary
parts respectively. Here, the first pi/2 pulse followed by
a gradient dephases all the elements except the selected
single quantum elements which are converted into diag-
onal part. The final pi/2 pulse converts these diagonal
elements back into real single quantum elements, which
are measured. The same pulse sequence can be used for
measuring the single quantum elements of jth spin, by
replacing pulses on ith spin with pulses on jth spin and
vice-versa.
The zero quantum and double quantum elements are
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FIG. 4. Experimental results for entanglement transfer. Re-
constructed deviation density matrices (trace less) of spins 1
and 2, and spins 4 and 5 for (a) the initial state 1
2
(|01〉 +
|10〉)(〈01| + 〈10|)12 ⊗ 13 ⊗ 14 ⊗ 15, (b) the final state 11 ⊗
12 ⊗ 13 ⊗ 12 (|01〉 + |10〉)(〈01| + 〈10|)45, (c) the initial state
1
2
(|00〉+ |11〉)(〈00|+ 〈11|)12 ⊗ 13 ⊗ 14 ⊗ 15, and (d) the final
state 11 ⊗ 12 ⊗ 13 ⊗ 12 (|00〉 − |11〉)(〈00| − 〈11|)45.
observed by using the following pulse sequence,
A.
[
pi
2
]i
α
[
pi
2
]j
β
−
[
G
]
z
−
[
pi
2
]i
y
, (34)
B.
[
pi
2
]i
α
[
pi
2
]j
β
−
[
G
]
z
−
[
pi
]j[
pi
2
]i
y
. (35)
The experiments A and B are repeated four times with
the phases α, β as −y, −y; x, x; −y, x; and x, −y.
Here, the first two pi/2 pulses convert the selected double
quantum and zero quantum elements along with some ad-
ditional single quantum elements into the diagonal part.
Except these, all the other elements are dephased by the
followed gradient pulse. The final pi/2 pulse converts
these diagonal elements into the single quantum, which
are observable. The additional single quantum elements
which were picked up by the first two pi/2 pulses can be
filtered out by taking a linear combination of the spectra
from the experiments A and B, thus measuring only zero
and double quantum elements.
The tomography results for both the initial and final
states are shown in the Fig. (4). We used two different
measures to compare the experimental density matrices
(ρexpt) with the theoretical density matrices (ρexpt), (i)
fidelity (F ), given by
F =
tr(ρthρexpt)√
tr(ρ2th)tr(ρ
2
expt)
, (36)
Fidelity Attenuated Correlation Fidelity
Attenuated 
Correlation 
 
Spins  1 & 2 0.992 0.926 Spins  1 & 2 0.991 0.921 
Spins  4 & 5 0.998 --- Spins  4 & 5 0.998 --- 
Spins  1 & 2 0.998 --- Spins  1 & 2 0.998 --- 
Spins  4 & 5 0.993 0.545 Spins  4 & 5 0.986 0.504 
  
  
Initial State I 
Final State I 
Initial State II 
Final State II 
TABLE I. Fidelity and attenuated correlation of all the initial
and final entangled states.
and (ii) attenuated correlation (c) [44], given by
c =
tr(ρthρexpt)
tr(ρ2th)
. (37)
The attenuated correlation also accounts for the net loss
of magnetization due to random errors along with the sys-
tematic errors. The fidelities and attenuated correlations
of all the initial and final states are given in the table
I. The high fidelities of both the initial and final states
indicate the efficient creation and transfer of entangled
states. The low attenuated correlations of the final states
are mainly due to the decoherence as the total time of the
experiment (≈ 52 ms including the preparation of initial
state) is comparable to the T ∗2 of the fluorine spins.
B. Four-spin pseudo-pure initial states
Spatially Averaged Logical Labelling Technique
(SALLT) [45] was used to prepare 4-spin pseudo-pure
states in a 5-spin system as described below. Here, the
Hilbert-space of the 5-spin system is divided into two 4-
spin subspaces based on the |0〉 and |1〉 states of spin 5,
which does not take part in the mirror-inversion opera-
tion. Starting from equilibrium, we dephase the magne-
tization of all spins except spin 5, by using the procedure
described in the previous section. Then, the state of the
system can be described by the density matrix σz5 . Now,
the desired 4-spin pseudo-pure states (in each of the two
subspaces corresponding to the |0〉 and |1〉 states of spin
5) are prepared by flipping (pi-rotation) the correspond-
ing transition of spin 5. For example, |0000〉 pseudo-pure
state (labelled by the states of spins 1 to 4) is prepared by
inverting the |00000〉 ↔ |00001〉 transition of spin 5. A
representative diagram for the deviation populations of
the |0000〉 pseudo-pure state is given in the Fig. (5). Note
that the deviation populations in both the subspaces (of
spin 5) are the same but are opposite in sign.
By using the above method, we prepared the
|1000〉〈1000|, |1010〉〈1010|, and |1110〉〈1110| initial
pseudo-pure states. All the transition selective pi pulses
8FIG. 5. A representative energy level diagram and deviation
populations for the |0000〉 pseudo-pure state. The filled and
open circles represent the positive and negative deviation pop-
ulations (w. r. t. the background population) respectively.
were implemented by Gaussian shaped pulses of dura-
tion 40 ms. The above initial states were transformed
into their mirror images |0001〉〈0001|, |0101〉〈0101|, and
|0111〉〈0111| respectively by the unitary operator in Eq.
(21).
Diagonal tomography of all the initial and final states
were performed by applying a gradient pulse followed by
a pi/2 pulse on each spin separately and fitting the re-
sultant single quantum spectra. The results along with
the theoretically expected ones are shown in Fig. (6).
The bar plots shown in the figure represent the diago-
nal deviation density matrices (traceless) of spins 1 to 4.
These are obtained by taking average over the deviation
populations of the two subspaces of spin 5, where the
sign of deviation populations of one of the two subspaces
is reversed, and then subtracting the trace. The fideli-
ties of the experimental diagonal density matrices with
respect to the theoretically expected ones are calculated
and the results are as follows. The diagonal fidelities of
all the initial states are better than 0.994 and those of all
the final states are better than 0.989. The high fidelity of
the final states confirms the successful implementation of
mirror inversion operation on pseudo-pure initial states.
IV. CONCLUSIONS
Mirror inversion of quantum states in spin chains has
interesting applications in quantum information trans-
port. Since the mirror inversion can be used to transfer
states of multiple qubits including non-trivial entangled
states, the transfer of data in quantum registers can be
significantly simplified. In this work, we performed ex-
perimental quantum simulation of mirror inversion oper-
ation in an XY spin chain with pre-engineered couplings.
The experiments have been performed with a 5-qubit
dipolar coupled spin system using NMR techniques. By
using this simulation, we have demonstrated (i) transfer
of quantum states of single qubits to their mirror images,
and (ii) transfer of entangled states of multiple qubits to
their mirror images. Due to the large dipolar couplings
of the system, the multiqubit gates were constructed in
lesser time and hence the experiments were performed
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FIG. 6. The theoretically expected and the experimentally
reconstructed diagonal deviation density matrices (traceless;
top and bottom rows in each case) for the initial (left col-
umn) and final (mirror-inverted; right column) pseudo-pure
states, (a) |1000〉〈1000| → |0001〉〈0001|, (b) |1010〉〈1010| →
|0101〉〈0101|, and (c) |1110〉〈1110| → |0111〉〈0111|.
more efficiently (with less experimental errors). The high
fidelities of the present experiments imply that these ex-
periments are possible for larger spin chains with existing
control techniques if suitable systems are found.
The above quantum simulations are assisted by effi-
cient decomposition of the unitary evolution of XY spin-
chain in the Pauli-operator basis. The number of mul-
tiqubit operators in such a product decomposition in-
creases only linearly with the number of spins in the
chain. Again, each of these multiqubit operators can be
decomposed into local gates and two-qubit gates, whose
numbers also scale linearly with the number of qubits.
This implies that, in any experimental set-up, where the
two-qubit gates can be implemented efficiently, this mir-
ror inversion operation can be simulated efficiently. In
the case of NMR, if one uses the subsystems approach
given in references [32, 33] along with the methods pre-
sented here, these simulations may be extended to larger
spin systems. Overall, we believe, the methods presented
here will be useful in quantum simulations by larger spin
systems.
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